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(2) Answer all questions.
(3) All questions carry equal marks.
(4) Follow usual notations.
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If p is a prime number and p®|0(G) then prove 5
that G has subgroup of order p>.
Prove that an abelian group G has a composition 5
series if and only if G is finite.
Prove that a group G is solvable if and only if G 4
has a normal series with abelian factors.

OR
If p is a prime number and P|0(G) then prove 5
that G has an element of order p.
Prove that any group of order 112.132 is abelian. 5
Prove that any two composition series of a finite 4
group are equivalent.
If (N),I<i<k is a family of R-submodules of a 5
module M, then prove that
k
ZNi:{x1+ ....... +ax, |x. €N}
=1
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Let M be a finitely generated free module over a 5
commutative ring R then prove that all bases of M have

the same number of elements.

Let R be a ring with unity. Let Homy(R,R) denote 4

the ring of endomorphisms of R regarded as a right

R-module. prove that R =Homy(R,R) as a rings.

OR

Let R be a ring with unity and let M be an 5
R-module than prove that M is simple if and only if

M ~R/I where I is a maximal left ideal of R.

For any two idempotents e,f in R, prove that 5
Re+ Rf =Red R(f —fe) .

Let A and B be R-submodules of R-modules M and 4
MxN M _ N

AxB A B

N respectively. Prove that

Prove that if every submodule of an R-module M is 5
finitely generated then every nonempty set S of
submodules of M has a maximal element.

Let A be a minimal left ideal in a ring R. Prove 5

that either 42 — (0) or A = Re where ¢ is an idempotent

aninfie' the invarient factors of the matrix 4
—X 4 -2
-3 8-x over the ring Q[x].
4 -8 —2—x
OR
Let R be a noetherian ring having no nonzero 5

nilpotent ideals. Prove that R has no nonzero nil ideals.
Prove that every submodule and every homomorphic 5
image of a noetherian module is noetherian.

Prove that the multiplicative group of non-zero 4
elements of a finite field is cyclic.

Define a nilpotent group. Prove that a group of order 5

p" (» prime) is nilpotent.
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Prove that every finite extension of a field is an
elgebraic ectension but converse is not true.
For a field @ of rational numbers, prove that

Q(2.45)= @ (2. +15).
OR

If P(x) is a polynomial in F[x] of degree n>1 and
is irreducible over F' then prove that there is an
extension field E of F such that [E: F], in which P(x)

has a root.

Let F be the field of rational numbers. Find the
splitting field for the polynomial ,4 9 over F.

Show that it i1s not possible by straightedge and
compass alone to trisect 60°.

If F is a field of characteristic zero and a,b are
elgebraic over F' then prove that there exists an element

ce F(a,b) such that F(a,b) = F(c).
Construct the Galois group for the polynomial

f(x)=x>—2 over Q.

Suppose that the field F contains all the n'? roots
of unity and 0 =g e F. Let x" —g e F[x] and K be its
spitting field over F then prove that

@ K=F(u) where u is any root of ,n _,.
@) The Galois group of ,» _, over F is abelian.

OR

Let F be a field of characteristic zero contains all
the n' roots of unity for every integer n. If P(x) € F[x]
is solvable by radicals over F then prove that Galois
group over F of P(x) is a solvable group.

Prove that the field of complex numbers is a normal
extension of the field of real numbers.

Prove tha algebraic closures of a field F are unique
upto isomorphism.
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